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Nonlinear effects in the laser-assisted scattering of a positron by a muon
Wen-Yuan Du,∗ Bing-Hong Wang,† and Shu-Min Li
Department of Modern Physics, University of Science and Technology of China, Hefei, 230026, P.R. China
The scattering of a positron by a muon in the presence of a linearly polarized laser field is
investigated in the first Born approximation. The theoretical results reveals: 1) at large scattering
angle, an amount of multiphoton processes take place in the course of scattering. The photon
emission processes predominant the photon absorption ones. 2) Some nonlinear phenomena about
oscillations, dark angular windows, and asymmetry can be observed in angular distributions. We
analyze the reason giving rise to dark windows and geometric asymmetry initially noted in the
potential scattering. 3) we also analyze the total differential cross section, the result shows that the
larger the incident energy is, the smaller total differential cross section is. The reason of these new
results are analysed.
PACS numbers: 34.50.Rk, 34.80.Qb, 12.20.-m
INTRODUCTION
Nonlinear effects in the processes of interaction of an
electron with a nucleus, or with other charged particles
in the some optical field have become the focus of the
study. The earlier study gives the two parameters which
governed these nonlinear effects [1]. The first one is the
classical relativistic-invariant parameter of intensity of
the wave ηe, which denotes ηe =
eF0
mecω
, here e and me
are the charge and the mass of an electron; c is the light
velocity; F0 and ω are the strength and the frequency of
the electric field in the wave. The second one is the quan-
tum Bunkin-Fedorov parameter γ0e = ηe
meυec
~ω
, which
determines the multiplicity of a multiphoton process [2–
4]. Note that a quantum Bunkin-Fedorov parameter
is the principal parameter of the multiphoton processes
in the nonresonant scattering(see [5, 6]), In the case of
γ0e ≪ 1, single photon exchange channel provides the
main contribution to the scattering cross-section in the
external field presence. When γ0e & 1, a process of non-
resonant scattering becomes a nonlinear (multiphoton)
one with respect to the external field. In the work [6],
the authors found the cross-section of nonresonant scat-
tering of relativistic electron by relativistic muon in the
moderately strong quasimonochromatic laser field differs
substantially from the corresponding cross-section of the
process in the field of plane monochromatic wave. There-
fore, the multiphoton processes in the relativistic regime
attracted more attention. The multiphoton processes of
potential scattering in the relativistic regime has been
investigated in [7]. Nonlinear Compton scattering in-
duced by a linearly polarized laser field with high-velocity
electrons has been studied by [8]. Moreover, many au-
thors have been enthusiastically investigating some other
interesting multiphoton processes, such as laser-assisted
bremsstrahlung [9, 10], and pair production [11].
In this paper we investigate the relativistic scattering
of a positron by a muon in the presence of a linearly polar-
ized laser field of a medium intensity in frame of the Born
approximation. After numerical calculation and math-
ematical analysis, the nonlinear effects in the scatter-
ing process are revealed, such as multiphoton processes,
cut off characteristic phenomena, as well as dark angular
windows and asymmetry effects [12, 13]. We also anal-
yse the difference regarding to the multiphoton processes
between the positron-muon scattering and the electron-
muon scattering. In contrast to the electron-muon scat-
tering, we find that the photon emission processes pre-
dominant the photon absorption ones for positron-muon
scattering. For the total differential cross section, the
result shows that the larger the incident energy is, the
smaller total differential cross section is.
The paper is arranged as follows: in Sec. II, we de-
rive the expression of the differential cross section of a
positron by a muon in a linearly polarized laser field.
In Sec. III, numerical results are presented and the de-
pendence of the differential cross section on scattering
angles, azimuthal angles and various types of parame-
ters are discussed. Section IV is devoted to a brief sum-
mary and conclusions. Natural units ~ = c = 1 and
Minkowski metric tensor gµν = diag(1,−1,−1,−1) are
used throughout this paper.
THEORY OF THE SCATTERING e++µ− → e++µ−
We begin with the process of laser-assisted scattering
of a positron by a muon in the lowest order of perturba-
tion theory, it can be described by the lowest Feynman
diagrams. The Scattering amplitude can be written as
Sfi = ie
2
∫
d4x
∫
d4yψ¯ie+(x)γµψ
f
e+
(y)
×Dµν(x − y)ψ¯f
µ−
(x)γνψ
i
µ−(y), (1)
here, DF (x − y) =
∫
d4k′
(2pi)4
−4pi
k′2+iεe
−ik′(x−y) is the Feyn-
man propagator for photons [14]. The wave function of
the muons can be described by Dirac function when nor-
2malized in volume V ,
ψiµ−(x) =
1√
2EiV
u(Pi, Si)e
−iPix. (2)
ψf
µ−
(y) =
1√
2EfV
u(Pf , Sf )e
−iPfy. (3)
The laser assisted electron wave function could be de-
scribed by Dirac-Volkov state [15]
ψie+(x) =
1√
2QiV
(1− ek/A/
2kpi
)ν(pi, si)e
iSpi [φ(x)], (4)
ψf
e+
(y) =
1√
2QfV
(1− ek/A/
2kpf
)ν(pf , sf )e
iSpf [φ(y)], (5)
with
Spi,f [φ(x)] = pi,fx
+
∫ φ
0
(
e
pi,fA(φ
′)
kpi,f
− e2A
2(φ′)
2kpi,f
)
dφ′, (6)
where, the under symbol i and f mark the incoming and
outgoing positron (muons) wave function.The νpi,f ,si,f
are the spinors of positrons satisfying
∑
s
ν(p, s)ν¯(p, s) =
p/−me+ .
For mathematical simplicity, the laser field is taken to
be a monochromatic plane wave of linearly polarization
with the classical four-potential.
A(x) = aǫµcosφ, (7)
where a = E0/ω, E0 is the strength of a laser field.φ =
kx, where k = (ω,k), ω and k are the frequency and
the wave number, respectively. ǫ is the polarization four-
vector satisfying ǫk = 0 and ǫ2 = −1.
The laser assisted kinetic momentum of the positron
is called effective momentum qµ, with the form
qµ = pµ − e
2A
2
2(kp)
kµ. (8)
Its square is q2 = m2∗ = m
2
e+ + e
2a2/2, where m∗ acts as
an ”effective mass” of the positron in the laser field.
The space-time integrations in Eq.(1) can be per-
formed by the standard method of Fourier series expan-
sion, using the generating function of the generalized
Bessel functions. Completing the coordinate integral in
Eq. (1) by the ansatz of Bessel expansion


1
cosφ
cos 2φ

× e
iξ sinφ−iη sin 2φ
=
∑
n
einφ ×


Bn(ξ, η)
1
2
[Bn+1(ξ, η) +Bn−1(ξ, η)]
1
2
[Bn+2(ξ, η) +Bn−2(ξ, η)]


where Bn(ξ, η) stands for the generalized Bessel function,
Bn(ξ, η) =
∞∑
λ=−∞
Jn−2λ(ξ)Jλ(η), (9)
We obtain
Sfi = −i (2π)
44πe2
4V 2
√
QiQfEiEf
∞∑
l=−∞
Ml
(Pi − Pf )2 + iǫ
×δ4(qf − qi + Pf − Pi + lk), (10)
In which,
Ml = ν¯(pi, si)Γ
µν(pf , sf)u¯(Pf , Sf )γµu(Pi, Si), (11)
with
Γµ = ∆0γ
µ +∆1k/ǫ/γ
µ +∆2γ
µk/ǫ/+∆3k/ǫ/γ
µk/ǫ/, (12)
where
∆0 = Bl(ξ, η), (13)
∆1 =
ea[Bl−1(ξ, η) +Bl+1(ξ, η)]
4kpi
, (14)
∆2 = − ea[Bl−1(ξ, η) +Bl+1(ξ, η)]
4kpf
, (15)
∆3 = − e
2a2[2Bl(ξ, η) +Bl−2(ξ, η) +Bl+2(ξ, η)]
16kpikpf
,(16)
with
ξ = ea
(
ǫpf
kpf
− ǫpi
kpi
)
, (17)
η = e2a2
(
1
8kpf
− 1
8kpi
)
. (18)
Here, we do not consider the polarization effects of the
positron and muon. For calculating the total scattering
cross section , we sum over the final spin states and av-
eraged over the initial spin states. On account of that
the muon have a spin 1/2 such as the electron. The total
cross section could be obtained as
σ¯ = V
∫
d3pf
(2π)3
V
∫
d3Pf
(2π)3
1
4
∑
sisfSiSf
|Sfi|2
V TJνV −1
=
∑
l
e2
4
√
(Piqi)2 −m2µm2e+
∫
d3qf
2Qf
∫
d3Pf
2Ef
×δ4(qf − qi + Pf − Pi + lk) 1
4
∑
si,sf ,Si,Sf
|Ml|2
(Pi − Pf )4 .(19)
3Here Jν is the incoming current in the laboratory sys-
tem given by
√
(Piqi)2 −m2µm2e+/(E1Q1V ). The total
differential cross section can be decomposed into a series
of discrete partial differential cross sections for different
numbers of photon transfer,
dσ¯tot
dΩ
=
∞∑
l=−∞
dσ¯l
dΩ
. (20)
We want to calculate the total differential cross section
for positron scattering into a given solid-angle element dΩ
centered around the scattering angle θ. Therefore the dif-
ferential quantity has to be integrated over all momen-
tum variables expect for the direction of dpf . We use
the Jacobin determinant J to get the involve transfor-
mation of integration variable between the free positron
4-momentum pµ and the positron 4-momentum shifted
by the presence of the external field qµ,
d4p = Jd4q; J =
∣∣∣∣∣∣∣∣∣∣
∂p0
∂q0
∂p0
∂q1
∂p0
∂q2
∂p0
∂q3
∂p1
∂q0
∂p1
∂q1
∂p1
∂q2
∂p1
∂q3
∂p2
∂q0
∂p2
∂q1
∂p2
∂q2
∂p2
∂q3
∂p3
∂q0
∂p3
∂q1
∂p3
∂q2
∂p3
∂q3
∣∣∣∣∣∣∣∣∣∣
. (21)
In finding the Jacobian of this transformation we must
make use of a coordinate system in which the external
field photons propagate along the y-axes, kµ = (ω, 0, ω, 0)
, with the result that the free positron momentum can
be written
pµ = qµ +
e2a2
2ω(q0 − q2)k
µ. (22)
The Jacobian J then reduces to
J =
∣∣∣∣∣∣∣∣∣
∂p0
∂q0
0 ∂p
0
∂q2
0
0 1 0 0
∂p2
∂q0
0 ∂p
2
∂q2
0
0 0 0 1
∣∣∣∣∣∣∣∣∣
=
∂p0
∂q0
∂p2
∂q2
− ∂p
0
∂q2
∂p2
∂q0
= 1. (23)
Therefore, the volume element can be written as
d3qf = |qf |2d|qf |dΩ, and |qf |d|qf | = Q2dQ2, and
with the help of d
3P
2E =
∞∫
l=−∞
d4Pδ(P 2 −M20 )Θ(P0) and∫
dxf(x)δ[g(x)] = [f(x)/|g′(x)|]|g(x)=0. Thus by inte-
grating over d|qf | and d4Pf , the partial differential cross
section can be written as
dσl
dΩ
=
e4
8mµ
|qf |2
|qi|
1
(Pi − Pf )4Qf |g′(|qf |)|
∑
sisfSiSf
|Ml|2
|
Pf=Pi+qi−qf−lk;|qf |=
√
A2C2
(A2−B2)2
−
C2−B2m2
∗
A2−B2
− AC
A2−B2
, (24)
with
g′(|qf |) = −2mµ|qf |/Qf − 2Qi|qf |/Qf
+2|qf |/Qf lω + 2|qi| cos θ − 2lω sin θ sinϕ, (25)
and A = |qi| cos θ− lω sin θ sinϕ,B = mµ +Q1 − lω,C =
m2∗+mµQi−mµlω−Qilω+ lqi ·k, and θ is the scattering
angle of the incoming positron, and ϕ is the polarization
angle of the outgoing positron, and
∑
si,f ,Si,f
|Ml|2 = 1
16m2µm
2
e+
Tr[(p/f −me+)Γµ(p/i −me+)Γν ]
Tr[(P/f +mµ)γµ(P/i +mµ)γν ], (26)
The trace work can be performed with the help of FEYN-
CALC.
NUMERICAL RESULTS AND DISCUSSION
In this section,we present and discuss the numerical
result for cross section of the scattering of a muon and
a positron in the linearly polarized laser field. We set
the incident electron momentum pi along the z axis and
the incident positron momentum −pi. For simplifying
the calculation process, we use a fixed target in the lab-
oratory frame. We evaluate the cross section in the
rest frame of the incoming muon with the initial energy
Ei = mµ. Considering the relativistic effect, we set the
incident positron kinetic energy as 106eV .
The energy conservation relation derived from the δ
function is Q2(mµ+Qi)− (qf · qi+ lqf ·k) = m2∗+mµQi.
In the limit case of Qi ≪ mµ, The energy conservation
relation here becomes Qf = Qi + lk. lk is the photon
energy transmission from laser fields (l > 0 for emission,
and l < 0 for absorption). That is the multiphoton effect
for elastic scattering: redistribution of the total energy
and momentum between two participating particles and
external field.
Figure 1 shows the partial differential cross sections
dσl/dΩ versus the net photon number l transferred be-
tween the colliding system and the laser field. We display
the partial differential cross sections at a large scattering
angle (θ = 90o) both of the positron in Fig. 1(a) and
the electron in Fig. 1(b). The strength and frequency of
the laser field are ε0 = 5.18× 107V/cm and ω = 1.17eV .
The direction of the field wave vector k is along the y
axis, and the laser polarization is chosen to be parallel to
the positron (electron) incident momentum along the z
axis. We find a large number of photons are exchanged
between the laser field and the colliding system, in which
multiphoton processes take place. This nonlinear phe-
nomenon perhaps arise from the resonant state of the
positron(electron) and the muon formed in the collision
process. The result shown in Fig. 1(a) that the pho-
ton emission processes predominant the photon absorp-
tion ones. In this collision process, initial positron and
muon formed a hydrogen-like intermediate transient state
due to the Coulomb interaction. This transient state
is not stable, positron and muon dissociated from this
state, therefore emission lots of photons than absorbing.
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FIG. 1: The multiphoton cross section for the laser-assisted
scattering of a positron (electron) by a muon at an impact
energy of Ti = 0.511MeV as a function of the number of the
involved photons l. (a) for the positron, (b) for the electron.
The scattering angle: θ = 90o, and azimuthal angle: ϕ = 0o .
The laser field is linearly polarized along the incident direction
of the positron. The field strength is ε0 = 5.18 × 10
7V/cm,
and the photon energy ~ω = 1.17eV .
Fig. 1(b) shows the opposite result, in which the photon
absorption processes predominant the photon emission
ones. For the electron, which has the different sign of the
charge, due to the Coulomb repulsion, the number of the
absorbing photons is larger than the number of the emis-
sion photons. The magnitudes for dσl/dΩ varies in the
range of few orders for different l. These oscillations take
on owing to the periodical variation behavior of the gen-
eralized Bessel function B(ξ, η) [16]. Furthermore, the
contribution of various l-photon processes are cut off at
two edges which are asymmetric with respect to l = 0.
The symmetry axis of the generalized bessel function is
at l = −2η. The cutoff for positive l is a consequence
of the energy conservation imposed on Eq.(18). On the
other hand, the origin of the cutoff for negative values
of l can be inferred by the properties of the generalized
Bessel function B(ξ, η) when its arguments ξ and η sat-
isfy the approximate relation l = ±|ξ| ± 2|η|. This has
already been pointed out in [16].
Nonlinear phenomena can also be observed in angu-
lar distributions: oscillations, dark angular windows, and
asymmetry. These can also be better explained from the
behavior of the generalized Bessel function. The reason
for dark windows is similar to the cutoff phenomenon that
the value of the generalized Bessel function diminishes
rapidly to almost zero when its order exceeds its argu-
ments, which causes the partial differential cross section
to become so small that such events cannot be collected
efficiently in some particular angular regions [12, 17].
-180 -135 -90 -45 0 45 90 135 180
-50
-45
-40
-35
-30
lo
g 1
0[d
l/d
(e
V
-2
)]
 
 
(a)
-180 -135 -90 -45 0 45 90 135 180
-50
-48
-46
-44
-42
lo
g 1
0[d
l/d
(e
V
-2
)]
 
 
(b)
FIG. 2: Scattering angular distributions. The field strength
has been chosen as ε0 = 5.18 × 10
7V/cm with ω = 1.17ev.
The incident positron kinetic energy Ti = 1MeV . The black
lines represent the case for photon transfer number l = 200,
while the red ones are for l = 500. The dot line stands for
the laser-free case. The angle to z axis of incident positron
and the azimuthal angle are selected as (a)α = 0o, ϕ = 0o;
(b)α = 45o, ϕ = 0o.
Figure 2 shows the scattering angular distributions of
the partial differential cross section. In order to investi-
gate the asymmetry phenomenon, we simulate the pro-
cess choosing the polarization vector ε0 along the x axis
(α = 0o), the incident positron momentum parallel the
wave vector k along the z axis, the polarization vector ε0
5perpendicular to k lies in the xy plane. The symmetry
relevant to the z axis will hold if the partial differential
cross section of spatial angular (θ, ϕ) is equivalent to that
of (−θ, ϕ), because (θ, ϕ + 180o) and (−θ, ϕ) share the
same rectangular coordinates. Fig. 2(a) shows the sym-
metric scattering angle distributions from −180o to 180o.
The greater the number of photons transferred, the more
visible the dark windows appear. Dark windows are vis-
ible in small angles and in big ones. These are easily
comprehensible as the generalized Bessel function drops
down sharply owing to |l| > |ξ|. When α = 0o, ξ can be
represented as an even function of the scattering angle as
|(ea|qf | sin θ)/(ωQf − ω|qf | cos θ)| from Eq. (16), which
is the reason for symmetric scattering angle distribution.
When α 6= 0o the argument ξ cannot be neglected, which
causes the asymmetry effect in Fig. 2(b).
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FIG. 3: Asymmetric scattering angular distributions. The
parameters have been chosen as ε0 = 5.18 × 10
7V/cm, ω =
1.17ev, Ti = 1MeV,α = 0
o, ϕ = 30o. (a) The black lines
represent the case for photon transfer number l = 50. (b)
The black lines represent the case for photon transferl = 200,
while the red ones are for l = 500.
Figure 3 shows the asymmetric scattering angular dis-
tributions versus the different photon transfer numbers.
Symmetry will not hold even at α = 0o if we choose
the azimuthal angle ϕ = 30o. Symmetry violation ex-
tends to a lager scale as more laser photons partici-
pate in the collision process. We can see in Fig. 3(b)
that the partial differential cross section only survives
on the positive side when the emission photon num-
ber is selected as 500. The reason is that ξ will not
stay as an even function for its denominator changes to
ω(Qf − |qf | sin θ cosϕ− |qf | sin θ sinϕ− |qf | cos θ).
Figure 4 shows the azimuthal angle distributions of
the partial differential cross section. We choose the in-
cident positron is parallel the direction of the propaga-
tion of the laser field k along the z axis in (a) and (b).
Another symmetry violation belongs to the shift of az-
imuthal angle distributions originating from the rotation
of the polarization vector of laser fields as shown in this
picture. Intuitively the partial differential cross section
can be symmetric relevant to the plane formed by the
momentum vector of incident positron pi, the laser field
wave vector k, and the polarization vector ǫ, if they keep
in the same plane. The xz plane is such as the symme-
try plane in the case of Figs. 4(a). Symmetry still holds
with some horizontal shift when the polarization vector
ǫ rotates around the z axis by a certain degree α [30o in
Fig. 4(b)]. When we choose the laser field wave vector k
is along the y axis and pi remains along the z axis, the
symmetry violates in Fig. 4(c). That is because the ini-
tial three vectors fail to be coplanar, which gives rise to
the symmetry-plane vanishing. To be more specific, the
symmetry of the partial differential cross section depends
on the symmetry of |ξ|, which can be written completely
as |ξ| = | ea|qf | sin θ cosϕ
ω(Qf−|qf | sin θ sinϕ−|qf | cos θ)
+ const|, (const = 0
if α = 0o or pi//k). The factors bringing about symme-
try violation are |qf | sin θ sinϕ in the denominator and
const from the second term of ξ .
Figure 5 displays the scattering angular distributions
of the total cross section versus the different kinetic en-
ergies of the incident positron. Obviously, with the in-
crease of the incident energy, the total differential cross
section is reducing. In the collision process, the greater
the energy of the incident particles, the smaller the im-
pact of the target, the smaller of the total differential
cross section. This phenomenon also can be explained
by the Eq.(23). Fig 5 also shows the total differential
cross section is reducing with the increase of the scatter-
ing angular. When the incident energy is 0.5MeV , there
is an upward trend of the scattering cross section around
θ = 54o. That is because the dependence on the scat-
tering angle of the formula −2Qi|qf |/Qf + 2|qi| cos θ in
the Eq. (25). There is always a scattering angle that
minimizes the value of this formula while the incident
energy close to the mass of the positron. The same rea-
son applies to the case of the incident kinetic energy is
1MeV .
6CONCLUSIONS
In this paper we have investigated the elastic scatter-
ing of a positron by a muon in the presence of a lin-
early polarized laser field and observed the phenomena of
multiphoton absorption and emission. We find the pho-
ton emission processes predominant the photon absorp-
tion ones in the large scattering angle, which is sharply
contrast to the case of electron-muon scattering. The
reason lie in that the initial positron and muon formed
a hydrogen-like intermediate transient state due to the
Coulomb interaction. This transient state is not stable,
positron and muon dissociated from this state, therefore
emission lots of photons than absorbing. The nonlinear
phenomena of cutoff, oscillation, dark angular windows,
and asymmetry are presented. We find the more num-
ber of the photons transfer with the laser field, the more
obvious the dark windows are. The same phenomenon
happens to symmetry violation, which results from the
evanishment of the symmetry plane consisting of three
coplanar vectors: the momentum vector of the incident
positron pi, the laser field wave vector k, and its polar-
ization vector ǫ, all of which can change the symmetry of
ξ as a function of scattering angle θ and azimuthal an-
gle ϕ. For the total differential cross section, the result
shows that the larger the incident energy is, the smaller
the total differential cross section is.
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FIG. 4: The partial differential cross section as a function of
azimuthal angle. The parameters: ε0 = 5.18× 10
7V/cm, ω =
1.17ev, Ti = MeV, θ = 90
o. The dot line is for the laser-free
case. k//pi//z : (a) α = 0
o, black lines: l = 200; red lines:
l = 500; (b) α = 30o, black lines:l = 200; red lines: l = 500.
k//y, pi//z : (c) α = 45
o, black lines: l = 200; red lines:
l = 500.
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FIG. 5: Scattering angular distributions of the total differ-
ential cross section versus the different impact energies. The
impact kinetic energies are Ti = 0.1, 0.5, 1, 10MeV . the laser
parameters are the same as in Fig. 1.
